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YEAR 12

AP4 EXAMINATION

MATHEMATICS EXTENSION 1

Time allowed - 2 HOURS
(Plus 5 minutes' reading time)

DIRECTIONS TO CANDIDATES:

Attempt all questions.
All questions are of equal value.

Each question is to be commenced on a new page clearly marked
Question 1, Question 2, etc on the top of the page. **

Each question is to be returned in a separate bundle.

All necessary working should be shown in every question. Fuil marks
may not be awarded for careless or badly arranged work.

Approved calculators may be used.

*“*Each page must show your name and your class. **



Question 1 (12 marks)

(a)

(b)

(c)

(@

{e)

Let A be the point {-3.,8) and let B be the point (5,-6). Find the
coordinates of the point P that divides the interval 48 internally in
the ratio 1:3.

What is the remainder when the polynomial P(x)=x* +3x* -1 is
divided by x-27?

Use the table of standard integrals to find the exact value of

PO |

6['\/)62+9

dx .

Solve <l1.

x+5

4
e x
Use the substitution u = x —1 to evaluate j— dx

2 (x—1)2

Question 2 (12 marks)

(a)

(b)

Sketch the graph of y = 2sin™"' 3x showing clearly the domain
and range of the function as well as any intercepts.

Let f(x)=4x* -1.
Use the definition f'(a) = Lirrgw to find the

derivative of f(x)atx=a.
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Question 2 (continued) Marks

d
c Find —{3x’ cos™' x 2
© = )
(d)  Find j4 cos? 3xdx. 2
(e) Solve the equation sin 26 = J2cos@ for 0<0<2r. 4
Question 3 (12 marks)
(a) The variable point (2cos6, 3sin8) lies on a curve. Find the Cartesian 2
equation of this curve.
(b)  The function f (x) =log, x+5x hasazeronear x=0-2. 3

Using x = 0-2 as a first approximation, use one application of
Newton’s method to find a second approximation to the zero.
Write your answer correct to 3 decimal places.
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Question 3 (continued) Marks

(c) For the function f(x) =

4-x°
(i) Find the natural domain of the function.

(ii) The sketch below shows part of the graph of y = f (x) The

area under the curve for 0 < x <1 is shaded. 2
Find the area of the shaded region.

A y=f(x)
NOT TO
SCALE
> X

]
(d) A particle moves in simple harmonic motion about a fixed point Q. The

amplitude of the motion is 2 m and the period is %T seconds. Initially

the particle moves from O with a positive velocity.

(i) Explain why the displacement x, in metres, of the particle at 1
time f seconds, can be given by

x = 2sin 3¢
(i)  Find the speed of the particle when it is /3 m from O. 2
(iii)  What is the maximum speed reached by the particle? 1
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Question 4 (12 marks) Marks

(a) Use mathematical induction to prove that 3
1+6+15+...+n(2n—1)= én(4n—1)(n+l)

for all positive integers n.

(b) (i) Show that . L tan2x 2

—tanx l+tanx

.. 1 .
(ii) Evaluate - ! in simplest exact form 1
F 3 /o
l1-tan— 1+tan—
6 6

(c) In the diagram below, O is the centre of the circle and 4B || DC.
AD and BC meet at P.

8
W
N
Prove: (i) CP=DP. 2
(ii) AABP is isosceles. 2
(iii) OAPC is a cyclic quadrilateral. 2
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Question 5 (12 marks) Marks

{a) Solve for x

x5 =8x>(x > 0) 3

(b) Consider the function f(x)=x(x-2)’, x<a where a is a
constant.

(i) Find the values of a given that the inverse function 2

S (x)of f(x) exists.

(i)  State the domain of f'(x). 1

(c¢) If a, B and y are the roots of the cubic equation
X —4x* +3x + 2= 0, find o+ B2 + .

(d) Factorise m’ — 3m + 2 and solve the equation 4
(3x —4)’ — 9x + 14 =0.
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Question 6 (12 marks) Marks

(a) A particle moves in a straight line with an acceleration given by

d’x
? = 9(x - 2)

where x is the displacement in metres from an origin O after ¢
seconds. Initially, the particle is 4 metres to the right of O so that
x = 4 and has velocity v=-6.

(i) Show that v = 9(x -2} . 2
(ii) Find an expression for v and hence find x as a function of 1. 2
(iiiy  Explain whether the velocity of the particle is ever zero. 2

Question 6 continues on the next page.
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Question 6 (continued) Marks

(b) A boy throws a ball and projects it with a speed of ¥ ms™' from a
point 1 metre above the ground. The ball lands on top of a flowerpot in
a neighbour’s yard.

1m

O

The angle of projection is & as indicated in the diagram.
The equations of motion of the ball are

=0 andj=-10

where x and y are shown on the axes on the diagram. The position of
the ball 7 seconds after it is thrown by the boy is described by the

coordinates (x, y).

It has been found that y = Ftsin@ —5¢* +1.

0
(i)

(iii)

Show that x = Vtcos@ . 2

When the ball is at its maximum height above the ground, it 2
passes directly above a 1.5 metre high fence and clears the
fence by 0.5 metres.

Find an expression for ¥ in terms of 6.

Find the value of ¥ given that & = tan™ % . 2

1

Give your answer in m s, correct to 2 decimal places.
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Question 7 (12 marks)

(a)

trapdoor \

Marks

floor

A rectangular trapdoor is shown in the diagram as EFGH where
EH =1m, EF =2 m and BC divides the trapdoor in half.

A rope is anchored at point 4 on the floor 1 metre from point B and
peints A, B and X lie on a straight line.

The rope passes through a small loop on the edge of the trapdoor at
point C and is anchored to the floor at point D.

As the trapdoor is being opened or closed, the rope running from 4
through C to D is kept taut by pulling it tight or letting it out through
anchor point 4.

Let ZABC =6,0° <8 <180°.

(i) Show that AC =2 —2cosé .

(ii) Show that CD =+/3 + 2cosé .

(i} Let / equal the length of the rope from A through C to D. find
the maximum value of /. Justify your answer.
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Question 7 (continued) Marks

b A cup of soup with a temperature 95°C is placed in a room which
has a temperature of 20°C. In 10 minutes the cup of soup cools
to 70°C. Assuming the rate of heat loss is proportional to the excess
of its temperature above room temperature, that is
dar

ST T RAT - 20
(i) show that T =20 + Ae™ is a solution of 1
dr
== TR(T -2y,
(ii)  find the temperature of the soup after a further 5 min. to the 2

nearest degree.

1
(iii)  how long will it take the soup to cool to 35°C?
Give your answer correct to the nearest minute.
(iv)  find the rate of cooling when the soup is 35°C. 1

Give your answer correct to 1 decimal place.
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